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ABSTRACT GO
Although the use of Frobenius Series in finding solutions of a
homogeneous linear differential equation with weak singular points is

well known, the extension of this method to systems of such equations
is not ordinarily discussed in texts written in English.

This Report is written primarily for expository purposes. The method
is first illustrated with an elementary example, then applied to a specific
problem which arose in connection with another study.

The importance of obtaining the complete solution is discussed.
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I. INTRODUCTION

The homogeneous linear differential equation

Ty
+p‘(x)dx" 1 + -

+ Puos (x)% +pa(x)y=0
(1

is said to have a weak singular point at x = 0 providing
the ratios

Po (x)

Pm (%)
P, (x)

are representable in the neighborhood of x=0as

m=12,--- n) (2)

Pnl®) L S o @)

po (x) ™ §=o
where all the series

go Gy (C)]
converge in the neighborhood of x = 0.

A well known approach to the problem of finding a
solution to Eq. 1 in the neighborhood of x =0 is to try
the Frobenius Series

y=3 @t a0 (5)

The use of Frobenius Series in the case of a homogen-
eous linear system of differential equations with a weak
singular point at x = 0 does not appear to be as well
known.

Consider the homogeneous linear system

dy E fp q(x)yq p=1’2: A Y
(6)

where the f, ,(x) are representable in the neighborhood
of x=0 by

fra@= 3 a2 @
and where not all the a{’} have the value zero. The solu-
tion of this problem is discussed by Kamke.!

The generalization of Eq. 5 is to assume

yp=xr § Cp,ij P=1:2:"’ N (8)
j=0

where not all the C, , vanish at the same time. The use

of this method is illustrated by the elementary example

of Section II.

A standard approach to solving a homogeneous linear
system of differential equations of higher order is to
transform this system to one of differential equations
of the first order and then solve the latter system. How-
ever, in fact, it may be simpler to approach the system
of higher order equations directly.

Section III treats a specific problem which the author
encountered in connection with another study. This prob-
lem involves solution of a homogeneous linear system of
three second-order differential equations with a weak
singular point at the origin. The author found the system
of second-order equations simpler to work with than the
corresponding linear system of first-order equations.

This Report has been written primarily for expository
purposes. It was prompted largely by the fact that the
subject matter is not ordinarily discussed in texts written
in English.

*Kamke, E., Differentialgleichungen Losungsmethoden und Losun-
gen, Band 1, “Gewdhnliche Differentialgeichungen,” 3 Auflage,
Chelsea Publishing Company, New York, 1948.
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Il. AN ELEMENTARY EXAMPLE

Consider the system of equations
dy/dx = (a/x)y + (b/x)z
dz/dx = (d/x)z 9)
where
abd=+0, a+d (10)

The general solution to Egs. 9 can be found by using
the formula for first-order, first-degree, linear differential
equations. This solution is given by

bC,
d—a

2= Cyxd 11)
where C, and C, are arbitrary constants.

y=Cx®+ x4

To arrive at the general solution using the Frobenius
series approach, assume

y=x" i Apx®
k=0
z=x" S B 12)
k=0
where not both A, and B, vanish.
Substituting from Egs. 12 into Egs. 9 gives

S [(r + k — a) A, — bBlar+k = 0
k=0

kﬁo [(r +k—d)BJar+*=0 (13)
Hence
(r—a)A, — bB, =0
(r—d)B,=0 (14)
and, since not both A, and B, can vanish,
(r—a) —0Db
PR L 19

Because of the assumptions of Egs. 10, Eq. 15 has two
distinct roots,

r,=d (16)

First consider the root r, = a. Equations 13 become

1'1=a,

S [kAP — bB@ Jxo+k =0
k=0

s

[(k+ 0 — d)B@] =+ =0 (13a)

k=0

It

Hence
~bB® =0
(a—d)B» =0 (17)
and
B® =0
AW 50 (18)

Further, for k=1,2, - - -
kA® —bBE =0
(k+a—d)B®» =0 (19)
Thus, if d — a is not a positive integer,

AP = BW =0 (20)
while, if d — a is a positive integer M, B’ is arbitrary and
AQ = (bBY/M)

AW = BW =0  fork#M (@1)
Thus, the root r, = a gives the following solution
vh= AP xe
2, =0 (22)
if d — a is not a positive integer, and gives the solution
g = A@ e + (b BY /M) xa+m
2z, = B xe+M (23)

if d — a is a positive integer M.

Next, consider the root r, = d. Equations 13 become

3 [+ d—a) AP —bBPIxt = 0
2, R Bl =0 (13b)
Hence,
(d—a)A» —bBP =0 (24)
and
B 0, AP =bB{/(d - a) (25)

Further, for k=1,2, - - -
(k+d—a)AP —bB® =0
k B@ =0 (26)
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lll. APPLICATION TO A SYSTEM OF THREE SECOND-ORDER EQUATIONS

In connection with another study, the author encoun-
tered a homogeneous linear system of six first-order
differential equations with a weak singular point at the
origin, This system had been derived from a homogeneous
linear system of three second-order equations. Although
the derived equations were simpler to handle numeri-
cally when not in the neighborhood of the origin, the
necessity for investigating the behavior of the solutions
in that neighborhood suggested looking at Frobenius
series solutions. Working with the original system proved
simpler than treating the derived system.

The original system can be considered as a special case
of the following:

dys _ o dy, | bidy, | o+ dixt dy,
dx>  x dx x dx x dx
e; + fix? g; + h;x? i; + f;x2
+ ’xZ‘ Yy, + 2 Y, + xzt 3
37
wherei=1,2, 3.
Assuming
Yy =x" X Agx¥
k=0
Yo =x" 3 Bk
k=0
Ys = x’ kgo Chxk (38)

where A;, B, and C, do not all vanish, substitution of
expressions of Eqs. 38 into Eqgs. 37 gives, if one defines

A,=A,=B,=B,=C,=C_,=0 (39)
the following three equations, for k =0,1,2, - - -

{(lr+ k) +k—1)—a,(r+k) —e] A — f1A-,)
+ {[—b,(r + k) — g,] By — h,By_,}
+ {[—c,(r+ k) —i,]Cy
+[—-d,(r+k~2)—,]1Cs,} =0 (40)

{[—a.(r + k) — e.] Ay, — frAx_.}
+ {[(r+k)(r+k—1)— b, (r + k) — g,] By — h,B;_,}
+ {{—c,(r+k)—i,]C;
+-d(r +k—2)—1]Cr .} =0 (41)

{[—as(r + k) — es] Ay — fsAs ;)
+ {[_ by (r + k) —g;]1 B, — h:Bk-z}
+{lr+k)(r+k—1)—cs(r+ k) —i]C,
+[—ds(r+k—2)~7]1Ci,} =0 (42)

In particular, for k = 0, the requirement that A,, B,
and C, do not all vanish leads to the result that r must
be a solution of the equation

rir—1)—ayr—e, —-byr—g, —cr— i,
—a,y —e, r(r—1)~byr—g, —Cr — i, =0 (43)
— a;r — e, —byr—g, r(r—1)—c,r— i,
For the specific problem encountered,
A+
a,= —2 a,= ——* a; = 4Gp
"
A+
b, (I\+2M>n(n+l) b, 2 3
=0 ¢, =0 c;= —4
= paz' = d =
d, X+ 2m d,=0 =0
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Thus, if a — d is not a positive integer,

B =0
AP =0 (27)
while, if @ — d is a positive integer N,
B® =0
A® =0 fork#N (28)

and A} is arbitrary.
Thus, the root r, = d gives the solution

y, = [bB®/(d — a)] x°
2, = B® xt (29)
when a — d is not a positive integer, and gives the solution
g, = AQ x2+¥ — (bB® /N) x?
2, = B® xd (30)

if a — d is a positive integer N.

Since the system of Eqgs. 9 is linear, its general solution
is given by
Y= CiYy + ColY,
Z = €32, + Cy2, (31)

where ¢, and ¢, are arbitrary constants.

Thus, if |d — a] is not an integer, the solution to the
system of Eqs. 9 is given by

y = c,Al"x* + ¢, [bB{® /(d — a)] x?
3 = c,B{»x? (32)

which, since A’ 540, B® 0, and ¢, and ¢, are arbitrary
constants, agrees with the general solution given by
Eqgs. 11.

If d — a is a positive integer M, the solution to the
system of Eqs. 9 is given by

y=c, [AQPx + (bBP /Mx2+M] + ¢, (bB{ /M) x2+¥
z=cBP x2+¥ + ¢, B ga+¥ (33)
or
y={(c; AQ)x* + (b/M) (¢, BY + ¢, B{P) x2+¥
z= (¢, BY + ¢, B{)xa+¥ (34)

which, since A 50, B@) 50, B is arbitrary, c¢; and ¢
are arbitrary, and M = d — a, also agrees with the gen-
eral solution (Egs. 11).

If a — d is a positive integer N, the solution to the
system of Eqgs. 9 is given by

y=c AP x*+ ¢, [AQ x4+¥ — (bB{® /N) x4]
z = ¢, B x4 (35)
or
¥ =(c, AP+ ¢, AQ) x¢ — (c,b BE) /N) x?
z = ¢, B{x? (36)
which, since A0, B® #0, A is arbitrary, ¢, and ¢,

arbitrary, N = a@ — d, also agrees with the general solu-
tion (Egs. 11).

Since all possibilities lead to solutions which can be
written in the form of the general solution as expressed
by Egs. 11, the Frobenius Series approach has been
shown to lead to the general solution of the system of
Eqgs. 9.
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_2(A+ 2w

e1=2+)‘_:'2#n(n+1) e = e; = 87Gp
fi=— a?’pa® + (4/3) nGp®a? f, = (4/3) nGp2a? f=0
b A+ 2u 2 3
A+ 3 A+ 2
8= —(Hz,‘j)n<n+ 1) &= Enn+1) gs = —47Gpn(n + 1)
_ (4/3)nGp?a?n(n + 1) _ _ o’pa? _
h, = X+ 2 h,= P h,=0
i,=0 i,=0 i,=n2+n—2
i o= —-——LZ— f == — paz =3
3 A+ 24 T2 " js=0

where A, p, p, 0, a, G are constants and n is a positive
integer. The equation corresponding to Eq. 43 can be
factored into

r—n+12@F+n+22r—n—-1)(r+n)=0

(44)
giving the roots
n=r,=n—1 r=r,=—-n—-2, rs,=n+1 rs,=-—n
(45)

The original problem included among its boundary
conditions the requirement that the variable y,, y., and y;
be regular at the origin. The roots r;, r,, and r, are thus
eliminated from further consideration.

The roots r, and r, give for the coefficients the relations

AP = nBY (46)
C{V and B{" arbitrary except that both do not vanish,

AP = BO = C® =0 47)
B is arbitrary, (48)
A = [(n2+n)Ax 4+ (n2—n—2) u] BY
* [(n+3)A+ (n +5)pu]
+ [(4/3) 7er2a2n — a.zpaz] B(ol) — pa? Cgl)
[(n+3)A 4+ (n+5)p)
(49)
cow = 4nGp [(n + 3) AQY — (n? + n) BM ]
2 2(2n + 3) (50)
and, for k=3,4, - - -, AY and B{® are determined

from the simultaneous equations

{(ln+k+1)(n+k—2)]r
+[2n+kn+k—1)—n(n+1)—4]pu} AP
—{[(n+k—2)A+(n+k—4)pln(n+ 1)} B (51)
= — [(4/3) nGp2a? + o%pa?] AV,

+ (4/3) 7Gp2a?n (n + 1) B, — pa*(n + k — 2) C{?,

{n+k+DA+(n+k+3)u} AL
—{lsp+DIr+[n(n+1)—(k—1)(2n + k)] u} B
= (4/3) 7Gp?a® A{Y, — po?a® B, — pa? C{Y, (52)

while C{» is given by

47Gp [(n + k + 1) A{Y — (n* + n) B{V]
ki2n+k+1)

cp = (53)

The determinant of the coefficient matrix on the left side
of Egs. 51 and 52 is

k@u+k+1D)@n+k-1)(k—2u(A+2n) (54)

Therefore, the system can be solved for A{® and B{Y
as long as k > 2.

It is seen that, for odd k, all AQ’, B , and C{» vanish
while, for even k, all A{Y, B, C{ can be expressed
as linear functions of B, C{V, and B{V.

One solution of the original system of differential
equations is then given, assuming convergence, by

y(l) = xn-1 i A)(‘l) xk
! k=0
Yyl = xn-1 § BV x* (55)
k=0

g = xn—1k2 Cyb o
=0



JPL. TECHNICAL REPORT NO. 32-322

The root r; = n + 1 gives the following:

B® 0 (56)
(@ +n)A + (n? —n — 2)u] B®
A =TT R IO T (T B Al (57)
_ 4xGp [(n + 3) AP — (n* + n) BE]
ce = 2(2n + 3) (58)
Defining

then the solutions for r; can be written

0
y£5) = xn+lk2 Al(cS) xk
=-2

Y =axret T OB o (60)
k=-2
yés) = gn+1 ﬁ C{CS) xk
k=-2
By renaming the coefficients A{», B{®, C{» as

AP, B, @F),, respectively, the solution for r; can
be written

y{5) = xn-1 2 97{%5) xk
k=0

ygs) = xn-1 § %;‘5) xk (61)
k=0

oo
yE =21 S @ o
k=0
where

A = n B (62)

@ and B are both zero

AG = BE = @ =0

o = LW WA+ (02 = — 2) W] B
2T I F At (nt5)al
[(4/3) *Gp2atn — o%pa?] B — pa? @
[n+3)A+ (n+5)ul
(65)
P = 4nGp [(n + 3) A — (n® + n) BP] )

2(2n + 3)

and the recursion formulas relating (>, B3, @9 to
G, B, O, (k=3,4, - - - ) are identical to those

relating AP, B{V, GV to AfY,, B, CL,. It is seen,
then, that for odd k, all A, (B, @ vanish, while for
even k, all AL, (BLD, @ are expressible as linear func-
tions of B{», @, and B{®. It is important to note that
these linear functions are identical with those by which

AP B, CfY are expressible in terms of B{, C{", and
B,

Since the system of differential equations is linear, it
is also satisfied by
Y, =c Y + ¢ yi» i=123 (67)

where ¢; and ¢; are arbitrary constants.

Thus,
Yy, = xn-1 § (01 A;cl) + Cs @1(05))
k=0
g2 =221 S (0, B + oy BE) (68)
k=0
g =171 3 (e O + ¢ OP)
k=0
where
(e, AQY + ¢, AP) = n(c, B + c5 BE) (69)
and
(¢; BV + ¢; (BED) =, B§Y 70
(¢, CV + ¢, @) =c, C{V (71)

are arbitrary,
(cl A{I) + ¢ ﬂ{s)) = (Cl B§1) + ¢4 @g&)
= (cCP+ ¢, @) =0 (72)

(¢, B + ¢ B (73)

is arbitrary. Further, defining

G = e AR + o, R
By = ¢4 BEY + ¢; B (74)
@ = e G + o, QP

it is seen that the system of differential equations is sat-
isfied by

yo= vt S Tt
k=0
v =2t 3 B (75)

)
ys = a1 3 Cpr®
k=0
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where
gBO’ @0’ and (Bz (76)
are arbitrary,
Fo = 1o (77)
ﬂ1=$1=@1=0 (78)

U+ mA+ (2 —n—2)u] B,

e (S A
[(4/3) #Gp2a®n — o?pa?] (B, — pa*@,
[(n+3)A+ (n+5)u]
(79)
e, = 47Gpl(n + 3) A, — (n? + n) (B,] (80)

2(2n+3)

and, for k = 3,4, - - - , the recursion formulas for
and By in terms of (Ax-,, PBr-2, Cx-. are the same as
those given in Egs. 51 and 52 relating A{Y: B{" to
AV, BV, C{V, while the formula for @, paralleling
Eq. 53, is simply

_ 4nGpl(n + k+ 1) B — (n* + n) Byl
- k@n+k+1)

Gk (81)
Thus, for all odd k, Fi; = Bx = @x = 0, while for all even
k, A, B, and @; are expressible as linear functions of
&Bo, @,, and &B,, which are now arbitrary independent
constants.

It can be shown that the roots rs, r,, and r; bring in an
additional set of three arbitrary independent constants
which must be set equal to zero in order to satisfy the
requirement of regularity at the origin. Thus, the solution
described above is the complete solution to the problem.

IV. CONCLUDING REMARKS

The equations discussed in Section III arose in connec-
tion with the study of the free oscillations of a gravitating
solid sphere. Should the Moon have a solid core and
should the free modes of oscillation of the Moon be
excited, then, if recorded by seismic instruments, com-
parison of the recorded modes with the calculated modes
would provide information regarding the internal struc-
ture of the Moon. However, omission of some of the
theoretically calculated modes could make it difficult to
obtain a valid comparison between recorded and calcu-

lated results. Therefore, it is important that a complete
solution of the differential equations be obtained.

To obtain a complete solution with the Frobenius Series
method, it is necessary that the solution, before imposi-
tion of boundary conditions, contain as many arbitrary
independent constants as the order of the linear system.

This requirement is fulfilled in both the elementary
example and in the application in Section III.



